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near the Ashkin-Teller Multicritical Point
Shunji Moriya1∗, and Kiyohide Nomura1 †
1Department of Physics, Kyushu University, Fukuoka 819-0395, Japan
Abstract
We propose a new method to numerically calculate transition
points that belongs to 2D Ising universality class for quantum spin
models. Generally, near the multicritical point, in conventional
methods, a finite size correction becomes very large. To suppress
the effect of the multicritical point, we use a z-axis twisted bound-
ary condition and a y-axis twisted boundary condition. We apply
our method to an S = 1
2
bond-alternating XXZ model. The mul-
ticritical point of this model has a BKT transition, where the cor-
relation length diverges singularly. However, with our method,
the convergence of calculation is highly improved, thus we can
calculate the transition point even near the multicritical point.
1 Introduction
Critical phenomena are one of the important subjects in con-
densed matter physics. As a typical solvable model, a classical
2D Ising model is studied widely.1 In the some limit, the trans-
fer matrix of a classical 2D Ising model becomes a quantum 1D
Transverse-Field Ising (TFI) model.23 Several methods are pro-
posed to calculate the 2D Ising universality transition points of
quantum spin models.45 But, when the model has a multicritical
point, the scaling behaviors become difficult due to the effect of
multiple critical lines. So, conventional methods are not useful
near a multicritical point.
Another method to calculate a transition point, a Level Spec-
troscopy (LS) method is useful to cancel logarithmic corrections
of a Berezinskii-Kosterlitz-Thouless (BKT) transition.6–9 But,
the LS method can not be applied to 2D Ising universality transi-
tions.
In this letter, as an example that has a multicritical point, we
study an S = 1
2
bond-alternating (BA) XXZ chain,
Hˆ =
L∑
j
[
1− (−1)jδ
] (
Sˆxj Sˆ
x
j+1 + Sˆ
y
j Sˆ
y
j+1 +∆Sˆ
z
j Sˆ
z
j+1
)
,
(1)
where L = 2n (n is integer). This model is equivalent to
the Ashkin-Teller model.10–12 This Hamiltonian with periodic
boundary condition (SˆxL+1 = Sˆ
x
1 ) is invariant under spin ro-
tation around the z-axis (Uˆzθ = exp (iθ
∑
j Sˆ
z
j )), spin rever-
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Figure 1: Phase diagram in the ∆ − δ plane. Dimer1-Dimer2
phase boundary is the Gaussian universality and Dimer-Ne´el
phase boundaries are the 2D Ising universality. We draw the 2D
Ising universality transition lines by using the L=24 numerical
result of yTBC-zTBC method, noted by + and ×.
sal (Uˆypi = exp (ipi
∑
j Sˆ
y
j )) and two-sites translation ((TˆR)
2 :
TˆR is one-site translation, TˆRSˆj Tˆ
−1
R = Sˆj+1). Correspond-
ing eigenvalues are M =
∑
j S
z
j , U
y
pi = ±1, q = 4pin/L
(n = 0, · · · , L/2−1). In addition, this model is symmetric about
the sign of δ, since the operation δ → −δ can be regarded as one-
site translation TˆRHˆTˆ
−1
R . At zero temperature, in the phase di-
agram of this model (1), the Gaussian universality transition line
bifurcates into the two 2D Ising universality transition lines at
(∆ = 1, δ = 0) (Fig. 1). In Dimer1 phase (δ > 0), the 2j − 1, 2j
spins take a singlet pairing, and in Dimer2 phase (δ < 0), the
2j, 2j + 1 spins take a singlet pairing, (j = 1, 2, · · · , L). In
both phases, there exits a non-degenerate ground state with an
energy gap. In Ne´el phase, the ground states are doubly degener-
ate and the spin reversal symmetry is broken. At the multicritical
point (∆ = 1, δ = 0), called Ashkin-Teller multicritical point
(AT point), a BKT transition occurs along δ = 0 where the cor-
relation length diverges singularly. Near the AT point in ∆ > 1,
the two 2D Ising universality transition lines become extremely
close. Thus, since the finite size correction terms become very
large, one can not precisely calculate transition points near the
AT point with the conventional methods. In our new method,
getting an idea from the Kramers-Wannier duality,13 we use the
two boundary conditions (BC’s), which enable to calculate the
1
2D Ising universality transition points very accurately even near
the AT point
2 Anisotropic Limit
We review that the BA XXZ model (1) is identical to the TFI
model in the anisotropic limit,14 then we shall discuss the bound-
ary conditions. Firstly, we start in PBC. We separate Eq.(1) to
even bond and odd bond,
Hˆ = β
L/2∑
j
(
Sˆx2jSˆ
x
2j+1 + Sˆ
y
2jSˆ
y
2j+1 +∆Sˆ
z
2jSˆ
z
2j+1
)
+
L/2∑
j
(
Sˆx2j−1Sˆ
x
2j + Sˆ
y
2j−1Sˆ
y
2j +∆Sˆ
z
2j−1Sˆ
z
2j
)
, (2)
β = 1−δ
1+δ and ignore the constant factor of the Hamiltonian. In
∆→∞, β → 0,∆β ∼ O(1) limit, the∆Sˆz2j−1Sˆ
z
2j terms mostly
contributes to the ground state energy. The ground state space is
spanned by only
|↑2j−1↓2j〉 = |↑j〉
′
,
|↓2j−1↑2j〉 = |↓j〉
′
,
(3)
which are regarded as effective Ising spin states. The effective
states and operators are denoted by ′. The first and second terms
Sˆx2jSˆ
x
2j+1+ Sˆ
y
2jSˆ
y
2j+1 vanish by β → 0. The perturbative Hamil-
tonian is
Hˆ1 =
L/2∑
j
(
β∆Sˆz2j Sˆ
z
2j+1
)
+
L/2∑
j
(
Sˆx2j−1Sˆ
x
2j + Sˆ
y
2j−1Sˆ
y
2j
)
=
L/2∑
j
(
β∆Sˆz2j Sˆ
z
2j+1
)
+
1
2
L/2∑
j
(
Sˆ+
2j−1Sˆ
−
2j + Sˆ
−
2j−1Sˆ
+
2j
)
. (4)
We consider the first order degenerate perturbation. The first
terms of (4) are operating as
Sˆz2j+1 |↑j+1〉
′ =
1
2
|↑j+1〉
′ ,
Sˆz2j+1 |↓j+1〉
′
= −
1
2
|↓j+1〉
′
,
Sˆz2j |↑j〉
′
= −
1
2
|↑j〉
′
,
Sˆz2j |↓j〉
′
=
1
2
|↓j〉
′
.
Sˆz2jSˆ
z
2j+1 can be regarded in the effective space as −Sˆ
′
z
j Sˆ
′
z
j+1.
The second and third terms are operating as
Sˆ+
2j−1Sˆ
−
2j |↓j〉
′
= |↑j〉
′
,
Sˆ−
2j−1Sˆ
+
2j |↑j〉
′ = |↓j〉
′ .
Thus, 1
2
(
Sˆ+
2j−1Sˆ
−
2j + Sˆ
−
2j−1Sˆ
+
2j
)
can be regarded in the effec-
tive space as 1
2
(
Sˆ′
+
j + Sˆ
′
−
j
)
= Sˆ′
x
j . In summary, the effective
Hamiltonian becomes
Hˆ ′ =
L/2∑
j
(
−β∆Sˆ′
z
j Sˆ
′
z
j+1 + Sˆ
′
x
j
)
. (5)
By operating exp (ipi
∑L/2
i Sˆ
′
z
j ), the effective Hamiltonian be-
comes the TFI model,
Hˆ ′ = β∆
L/2∑
j
(
−Sˆ′
z
j Sˆ
′
z
j+1 − γSˆ
′
x
j
)
(γ ≡
1
β∆
), (6)
that has an order-disorder transition at γ = 1, because of the
Kramers-Wannier duality.13 This Hamiltonian is invariant under
spin reversal and one-site translation. We rewrite the Hamiltonian
(6), taking account of the boudary condition,
Hˆ ′ = −
L/2−1∑
j
Sˆ′
z
j Sˆ
′
z
j+1 − gSˆ
′
z
L/2Sˆ
′
z
1 − γ
L/2∑
j
Sˆ′
x
j (7)
From exact solution,15 for a finite system size L, E0(L, g =
1, Uypi = −1) = E0(L, g = −1, U
y
pi = 1) + 2(γ − 1) is sat-
isfied. E0 means a lowest state energy. At the transition point
γ = 1, the energies on the two BC’s are crossing,
E0(L, g = 1, U
y
pi = −1) = E0(L, g = −1, U
y
pi = 1). (8)
We can determinate the transition point of the TFI model by Eq.
(8).
Next, we discuss what BC’s of the BA XXZ model are corre-
sponding to the g = 1,−1 of the TFI model. For the BA XXZ
model, we introduce z-axis twisted BC (zTBC),
SxL+1 = −S
x
1 , S
y
L+1 = −S
y
1
, SzL+1 = S
z
1 . (9)
The zTBC conserves the spin rotational symmetry and the spin
reversal symmetry, but breaks the two-sites translational symme-
try. In the anisotropic limit, the effective Hamiltonian becomes
the g = 1 TFI model, since the x,y-direction boundary terms
vanish.
And, we introduce y-axis twisted BC (yTBC),
SxL+1 = −S
x
1 , S
y
L+1 = S
y
1 , S
z
L+1 = −S
z
1 . (10)
The yTBC (10) conserves the spin reversal symmetry, but breaks
the two-sites translational symmetry and the spin rotational sym-
metry. About the last point, since the boundary terms become
−SˆxLSˆ
x
1 + Sˆ
y
LSˆ
y
1 −∆Sˆ
z
LSˆ
z
1 = −
1
2
(
Sˆ+L Sˆ
+
1 + Sˆ
−
L Sˆ
−
1
)
−∆SˆzLSˆ
z
1 ,
thusM can not be conserved. But, the Hamiltonian is particularly
invariant under pi-rotation around z-axis Uˆzpi = exp (ipi
∑
j Sˆ
z
j ) =
(−1)Mˆ . So, a parity of a total magnetization PM = (−1)
M
is a conserved quantity. In the anisotropic limit, the z-direction
boundary terms remain minus, −∆SˆzLSˆ
z
1 . So, the effective
Hamiltonian becomes the g = −1 TFI model.
Consequently, PBC and zTBC of the BA XXZ model corre-
spond to g = 1 of the TFI model, and the yTBC corresponds to
2
Table 1: Quantum numbers of the eigenstates of PBC, zTBC and
yTBC for δ > 0. The case for δ < 0 is denoted by (). The states
used for yTBC-zTBC method are denoted with • and yTBC-PBC
method with ◦.
M Uypi
•◦ PBC 0 -1 (-1)
•◦ zTBC 0 -1 (1)
•◦ yTBC even (odd) 1 (1)
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Figure 2: The energies of each BC for L=14. The value of ∆ is
fixed at 2.0 and δ is changed.© is EPBC0 (M = 0, U
y
pi = −1),×
is EzTBC0 (M = 0, U
y
pi = −1), △ is E
zTBC
0 (M = 0, U
y
pi = 1),
+ is EyTBC0 (M = even, U
y
pi = 1). The PBC lowest energy
EPBC0 (M = 0, U
y
pi = 1) is subtracted from each energy.
g = −1. Thus, Eq. (8) of the TFI model is extended to the BA
XXZ model,
EPBC0 (M = 0, U
y
pi = −1) = E
yTBC
0 (M = even, U
y
pi = 1),
(11)
(hereafter we call the yTBC-PBC method) or
EzTBC0 (M = 0, U
y
pi = −1) = E
yTBC
0 (M = even, U
y
pi = 1),
(12)
(we call the yTBC-zTBC method). The above quantum numbers
are for δ > 0. In Table 1, the quantum number are summarized
for δ > 0 and δ < 0. Although the finite size corrections vanish
in the anisotropic limit, they remain in the finite∆ region because
of a perturbation in the process from Eq. (2) to Eq. (7). However,
we consider that the relation of Eq. (11) and (12) are supported
by the 2D Ising universality class or the c=1/2 conformal field
theory. We shall discuss on this point in a future paper.
3 Isotropic Limit
On the self dual line (δ = 0), the Hamiltonian with zTBC be-
comes,
Hˆ =
L−1∑
j
(
Sˆxj Sˆ
x
j+1 + Sˆ
y
j Sˆ
y
j+1 +∆Sˆ
z
j Sˆ
z
j+1
)
−SˆxLSˆ
x
1 − Sˆ
y
LSˆ
y
1 +∆Sˆ
z
LSˆ
z
1 . (13)
We define pi spin rotation at j site about z-axis as uˆzj =
exp (ipiSˆzj ). Since the Hamiltonian (13) is invariant under TˆRuˆ
z
L,
TˆRuˆ
z
LHˆ |U
y
pi 〉 = HˆTˆRuˆ
z
L |U
y
pi 〉 . (14)
The commutation relation between Uˆypi and uˆ
z
L is
Uˆypi uˆ
z
L =exp (ipi
∑
j
Sˆyj ) exp (ipiSˆ
z
L)
= exp (−ipiSˆzL) exp (ipi
∑
j
Sˆyj )
= exp (−2ipiSˆzL)uˆ
z
LUˆ
y
pi . (15)
When S is a half-integer, the eigenvalue of SˆzL is a half-integer,
Uˆypi uˆ
z
L = −uˆ
z
LUˆ
y
pi . (16)
So,
Uˆypi TˆRuˆ
z
L |U
y
pi = 1〉 =− TˆRuˆ
z
LUˆ
y
pi |U
y
pi = 1〉
=− TˆRuˆ
z
L |U
y
pi = 1〉 (17)
≡− |Uypi = −1〉 .
Consequently, |Uypi = 1〉 and |U
y
pi = −1〉 are degenerate for an ar-
bitrary L,
EzTBC0 (L,M = 0, U
y
pi = −1) = E
zTBC
0 (L,M = 0, U
y
pi = 1),
(18)
as you can see in Fig.2 at δ = 0. Furthermore, on the isotropic
point (∆ = 1), the yTBC is equivalent to zTBC. Thus, replacing
zTBC of the right side of Eq. (18) with yTBC,
EzTBC0 (L,M = 0, U
y
pi = −1) = E
yTBC
0 (L,M = even, U
y
pi = 1).
Consequently, since the correction terms vanish at the AT point,
the yTBC-zTBC method (12) can suppress the effect of the AT
point. In contrast, the correction terms of the yTBC-PBC method
remains at the AT point.
4 Numerical Calculation
We use the exact diagonalization method to calculate the energies
of each BC. We determine the energy crossing point δc, by fix-
ing ∆ and changing δ, on L=10,· · · , 24, as Fig.2. Note that the
PBC ground state and the zTBC lowest state are not related with
the Kramers-Wannier duality (8). We show the phase diagram
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Figure 3: The size difference of the crossing point δc L=24
and L=22. © is the yTBC-PBC method, × is the yTBC-zTBC
method.
Fig.1. The size dependence shows in Fig. 4. The crossing
points δc(L) by the yTBC-zTBC method are monotonically de-
creasing with size L, whereas those of the yTBC-PBC method
are monotonically increasing. As Fig. 4(a), in the large∆ region,
the yTBC-zTBC method and the yTBC-PBC method are rapidly
converged. Next, near the AT point, as Fig. 4(c), the finite size
corrections of the yTBC-PBC method become very large. In con-
trast, the yTBC-zTBC method shows a well convergence.
To compare the two methods from another viewpoint, we show
the size difference of the crossing point δc(L = 24)−δc(L = 22)
in Fig. 3. For large ∆, the two methods are almost the same and
the size difference vanish. Near the AT point, the size difference
of the yTBC-PBC method becomes very large, but the yTBC-
zTBC method approaching to zero.
5 Conclusion
Using the yTBC-PBC method (11) or the yTBC-zTBC method
(12), we can numerically calculate 2D Ising universality transi-
tion points. We actually calculate the transition lines of S=1/2
BA XXZ model. As expected, the yTBC-zTBC method reduces
the finite size effects near the multicritical point, since the finite
size correction terms vanish at AT point. About critical expo-
nents and the universality class, we shall describe them in a fu-
ture paper. Furthermore, we verify the accuracy by comparing the
yTBC-zTBC numerical result with the result of renormalization
group theory.16 We expect our method can be applied to several
quantum spin models.
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